KNOTS WITH g(E(K)) = 2 AND g(E(K#K#K)) = 6 
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Dedicated to the memory of Yves Mathieu 
and to Michel Domergue on the occasion of his 60th birthday 

Abstract. We show that there exist knots K c S 3 with g(E(K)) = 2 and g(E(K#K#K)) 
6. Together with (5J Theorem 1.5], this proves existence of counterexamples to Mori- 
moto's Conjecture iflOl . This is a special case of l6| . 



Let Ki (i — 1, 2) be knots in the 3-sphere S 3 , and let Ki#K 2 be their connected sum. 
We use the notation £(•), E(-), and g(-) to denote tunnel number, exterior, and Heegaard 
genus respectively (we follow the definitions and notations given in 0). It is well known 
that the union of a tunnel system for K\, a tunnel system for K 2 , and a tunnel on a decom- 
posing annulus for K±#K 2 forms a tunnel system for K\^K 2 . Therefore: 

t{Ki#K 2 )<t{K x )+t{K 2 ) + \. 

Since (for any knot K) t(K) = g(E(K)) - 1 this gives: 

(1) g(E(Ki#K 2 )) < giEiKj) + g(E(K 2 )). 

We say that a knot K in a closed orientable manifold M admits a (g, n) position if there 
exists a genus g Heegaard surface £ C M, separating M into the handlebodies Hi and 
H 2 , so that Hi fl K (i — 1, 2) consists of n arcs that are simultaneously parallel into dHi. 
It is known QI)1 Proposition 1.3] that if Ki (i — 1 or 2) admits a (t(Ki), 1) position then 
equality does not hold: 

g(E(Ki#K 2 )) < g(E(K x ))+g{E{K 2 )). 

Morimoto proved that if Ki and K 2 are m-small knots then the converse holds, and con- 
jectured that this holds in general IfTOl Conjecture 1.5]: 

Conjecture 1 (Morimoto's Conjecture). Given knots Ki, K 2 C S" 3 , g(E(Ki#K 2 )) < 
g(E(Ki)) + g(E(K 2 )) if and only if for i = 1 or i = 2, Ki admits a (t(Ki), 1) position. 

We denote the connected sum of n copies of K by nK. We prove: 
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Theorem 2. There exists infinitely many knots K C S 3 with g(E(K)) = 2 and g(E(3K)) = 
6. 

Remark. This is a special case of [6, Theorem 1.4]. By specializing we obtain an easy and 
accessible argument that can be used as an introduction to the main ideas of JfQ. 

As in [6] Theorem [2] implies: 

Corollary 3. There exists a counterexample to Morimoto 's Conjecture, specifically, there 
exist knots K\ % K 2 C S 3 so that Ki does not admit a (t(Ki), 1) position (i = 1,2), and 
(for some integer m) g(E(Ki)) = 4, g{E(K 2 )) = 2(m - 2), and g(E(K 1 ^K 2 )) < 2m. 

Proof of Corollary\3\ See the proof of [6, Corollary 1.8]. □ 

We note that K\ and K 2 are composite knots. This leads Moriah |[9l Conjecture 7.14] to 
conjecture that if K\ and K 2 are prime then Conjecture Q] holds. 

1. The proof. 

Let X be the exterior of a knot K in a closed orientable manifold. For an integer c > 
let denote the manifold obtained by drilling c curves out of X that are simultaneously 
parallel to meridians of K. The following is [6, Proposition 2.2], where the proof can be 
found. Note the relation to lfT3l Theorem 3.8]. 

Proposition 4. Let X, X^ be as above and g > an integer. Suppose X^ c ' admits a 
strongly irreducible Heegaard surface of genus g. Then one of the following holds: 

(1) X admits an essential surface S with x{S) > 4 — 2g. 

(2) For some b, c < b < g, K admits (g — b,b) position. 

Given an integer d > 0, Johnson and Thompson iJU and Minsky, Moriah and Schleimer 
jH construct infinitely many knots K C S 3 so that E(K) admits a genus 2 Heegaard 
splitting of distance more than d (in the sense of the curve complex [2]). (Note that (HI is 
more general.) Fix such a knot K for d = 10. The two properties of K we will need are 
described in the lemmas below: 

Lemma 5. X does not admit an essential surface S with x(S) — ~ & 

Proof. This follows directly from [12, Theorem 31.]. □ 

Lemma 6. K does not admit a (0, 3) or a (1, 2) position. 

Proof. Assume, for a contradiction, K admits a (0, 3) or a (1, 2) position. By [4, Theo- 
rem 1], if K admits a (p, q) position (for some p, q) then either K is isotopic into a genus 
p Heegaard surface, or the distance of any Heegaard splitting of X is at most 2(p + q). 
Since K is not a trivial knot or a torus knot, the former cannot happen. (Note that, by |fT5l 
we see that the distance of each Heegaard splitting of the exterior of any torus knot is at 
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most 2.) On the other hand, if the latter holds, then the distance of any Heegaard splitting 
of X should be at most 6 contradicting our choice of K. 

□ 

For integers n > 1 and c > Owe denote the exterior of nK by X(n), and the manifold 
obtained by drilling c curves out of X(n) that are simultaneously parallel to meridians of 

nK by X(n)( c \ 

Thus we obtain X(n)^ by drilling a curve 7„ C X(nY c ^ that is parallel to OX, and 
in particular, 7„ can be isotoped onto any Heegaard surface of X^ 1 ^. This is described in 
[fTTTl by saying that X^ 1 ^ is obtained from X^ by a good Dehn filling. For good Dehn 
fillings lOTi shows (see the proof of Theorem 5.1 of [7| for details): 

Lemma 7. Either g(X(n)®) = g{X{nf c ~^) or g(X(n)^ = g{X{nf c ^) + 1. 

Lemma 8. g(X^) = 3. 

Proof. Since g(X) = 2, by LemmaUlg(X^) = 2 or g(X^) = 3. Assume for a contra- 
diction that g(X^) = 2 and let C X^ be a minimal genus Heegaard surface. 

Claim. E^ 1 ' is strongly irreducible. 

Proof. Suppose weakly reduces. Then by Casson and Gordon HI (see lTi~6l Theo- 
rem 1.1] for a relative version) an appropriately chosen weak reduction yields an essential 
surface S with x(S) > ) + 4 = 2. Since X^ does not admit an essential sphere 

this is a contradiction, proving the claim. □ 

Thus we may assume E^ is strongly irreducible. By Proposition [H either X admits an 
essential surface S with x(S') > 4 — 2g(Y>^) = or K admits a (2 — b, b) position, with 
1 < b < 2. The former contradicts Lemma[5l For the latter, we get a (1, 1) position (for 
b = 1) or a (0, 2) position (for b = 2). Both contradict Lemma[6l □ 

Lemma 9. g(X^) = 4. 

Proof. Since = 3, by Lemma [7] g(X^) = 3 or c/(X( 2 )) = 4. Assume for a 

contradiction that g(X^) = 3 and let E^ C be a minimal genus Heegaard surface. 

Claim. E^ is strongly irreducible. 

Proof. Suppose E( 2 ) weakly reduces. Then by Casson and Gordon [HJ (see lfi~6l for a 
relative version) an appropriately chosen weak reduction yields an essential surface S with 
x(S) > xi^ 2 ^) +4 = 0. Since X^ does not admit an essential sphere, this surface must 
be a collection of tori; let F be one of these tori. By [[71 Proposition 2.13], E( 2 ) weakly 
reduces to F. 

Note that X^ admits an essential torus T giving the decomposition X^ = X' Ut Q^ 2 \ 
where is homeomorphic to an annulus with two holes cross S 1 and X' = X. 
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Since F and T are incompressible, we may suppose that each component of F fl T is 
a simple closed curve which is essential in both F and T. Minimize \F fl T\ under this 
constraint. We claim that F fl T = 0. Assume for a contradiction F fl T ^ 0. Then any 
component of F n X' is an essential annulus; by Lemma[5l X' does not admit essential 
annuli. 

Thus we may assume F C X' or F C Q 1 ^- IE F C X' and not parallel to T then 
X = X' is toroidal, contradicting Lemma[5J If F is parallel to T we isotope it into Q^ 2 \ 

Thus we may assume F C Q*- 2 - 1 . By |[3l VI.34] F is a vertical torus in Q^ 2 \ Assume first 
that F is isotopic to a component of dQ^ . Since F was obtained by weakly reducing a 
minimal genus Heegaard surface for X^ 2 \ by [Qj5, Theorem 1.1] F is not peripheral, i.e., F 
is not isotopic to a component of <9X( 2 ). Hence F is isotopic to T and X^ 2 ) = X' Q^ 2 -*. 
Note that by El g{Q {2) ) = 3, and since X = X', #(X') = 2. Since F was obtained 
by weakly reducing a minimal genus Heegaard surface, [|7l Proposition 2.9] (see also lfl~4l 
Remark 2.7]) gives: 

g(X^) = g(Q {2) ) + g(X') - g(F) = 3 + 2-1 = 4. 

This contradicts our assumption that g(X( 2 )) = 3. 

Next assume that F is not isotopic to a component of dQ^ . Then F is isotopic to a 
vertical torus giving the decomposition X^ 2 ) = X 1 Up D(2), where X t is homeomorphic 
to X^ and D(2) is homeomorphic to a twice punctured disk cross S 1 . By Lemma [8] 
g(Xi) = 3 and by El g(D(2)) = 2. We get: 

<?(X( 2 >) = g(X 1 ) + g(D(2)) - g(F) = 3 + 2-1 = 4. 

This contradicts our assumption that g(X( 2 )) = 3. 

This contradiction proves the claim. □ 

Thus we may assume S^ 2 ^ is strongly irreducible. By Proposition |4l either X admits 
an essential surface S with x(S) > 4 - 2#(£ (2) ) = -2 or K admits a (#(£ (2) ) - b, b) = 
(3 — b, b) position, with 2 < b < 3. The former contradict Lemma[5] For the latter, we get 
a (1, 2) position (for b = 2) or a (0, 3) position (for b = 3). Both contradict Lemma[6l □ 

Lemma 10. g(X(2)) = 4. 

Proof. By Inequality (OQ) g(X(2)) < 4. Therefore by the Swallow Follow Torus Theorem 
Q Theorem 4.1] and Lemma [5] any minimal genus Heegaard surface for X(2) weakly 
reduces to a swallow follow torus F, giving the decomposition: X(2) = X^ X. By 
El Proposition 2.9] and Lemma[U #(X(2)) = g(X^)+g(X)-g(F) = 3+2-1 =4. □ 

Lemma 11. g(X(2)^) = 5. 

Proof. By Lemmas U\ and [M #(X(2) (1) ) = 4 or g(X(2) (1) ) = 5. Assume for a contradic- 
tion that g(X(2p 1 ') = 4. By the Swallow Torus Theorem [7, Theorem 4.2] and Lemma[5] 
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any minimal genus Heegaard surface for X(2)^' weakly reduces to a swallow follow torus 
F giving one of the following decompositions: 

(1) X{2p 1 ' = X(2) UpQ^, where CjW is homeomorphic to an annulus with one hole 
cross S 1 . 

(2) X(2)« = X« U F X^. 

(3) X(2)« =X^ u F X. 

By [fT4ll g(Q^) = 2; the genera of all other manifolds are given in the lemmas above. By 
amalgamation [7, Proposition 2.9] we get: 

(1) g{X(2)M) = g(X(2)) + g(Q^) - g(F) = 4 + 2-1 = 5. 

(2) g(X(2)W) = g(XV>) + g(XW) - g(F) = 3 + 3-1 = 5. 

(3) g(X(2)W) = g(X&) + g(X) - g(F) = 4 + 2-1 = 5. 

□ 

Proof of Theorem\2\ By Inequality dU), g(X(3)) < 6. Therefore, by the Swallow Follow 
Torus Theorem [7, Theorem 4.2] and Lemma [5] any minimal genus Heegaard surface for 
X(3) weakly reduces to a swallow follow torus F giving one of the following decomposi- 
tions: 

(1) X(3) = If 1 ' UpX(2). 

(2) X(3) = X(2)« U F X. 

The genera of the manifolds are given in the lemmas above. By amalgamation |[7l Propo- 
sition 2.9] we get: 

(1) g(X(3)) = g(XM) + g(X{2)) - g(F) = 3 + 4-1 = 6. 

(2) g(X(3)) = g(X(2)V) + g(X) - g(F) = 5 + 2-1 = 6. 

This completes the proof of Theorem[2l □ 
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